EE522 NOTES: APERTURE ANTENNAS

The equivalent Principle

* Volume region: V, surface of V is S, the outward normal
direction of Siis N .

 Original problem: Source in V, Field generated by the
source is E and H.

» General equivalent problem: Field internal to V is any
fieldE,,H,, Equivalent magnetic current M and electric
current J on S. If the equivalent currents satisfy

JSlzﬁX(H_—H_l), M, :(E —El)xﬁ
Then the field generated by the equivalent source

external to V are the same as the field in the original
configuration.

 There is no restriction of the internal field E,,H, in the
above equivalent problem. Hence one choice is to make
E, =0, H, =0, For this case, the equivalent currents are:

Jo=AxH M, =Exfi, (onS)

Since the field inside S is zero in this case, we are free to
introduce any material to S (1. Same as external, 2. PEC, 3.
PMC). For planar surface S, the problem can be simplified
using PEC or PMC material inside S.



Field radiated by Js and Ms: is equal to the summation of

the field radiated by Js and that by Ms:

_ . n e
E, = Jw(Ag9+A¢go), A= 'UH,SJS(r )e!”"" dS
a-ipr

He =-jo(F08+F,@, F=e—[M(F)e”™ds’

4711 -
Since E and H are related by

E. =nH, xf = —jwn(F99 xf +F (ﬁXF)
= —ja)n(—E9 qB+F¢é)
We have the total field:
E=-jwHA, +nF,)0 +(A, —nF )¢
Let Js and Ms exist on Sa, and define

D — C (v "\ plBfE' 1 ~ — 1 (v "\ p B0 '
P-J’SaEa(r)e ds’, Q—J’SaHa(r)e dS

(1) Aperture in ground plane:

jBe-J’Br )
E, = P cos@+ P, sin
° 2mr ( # COSPTE qo)
_ipe .
E = cos@(-P,sin@ +P, cos
¢ 27Tr ( SINPER (p)

(2) Aperture in free-space:

_ jBe P 1+cosO
4 2
_ jBe P 1+cosO
° Amr 2

E, ( P cos@+P sin (p)

E

(—PX sing +P, cos qo)



Example: Uniform rectangular aperture

= _ ¢ L, L
Aperture field: E, =JEo. [xI<—-, | yIS7y
To calculate Py:
FOF = F IR+ §y ") =ux'+vy’
Ia elP¥ gy = aw
- Bua
Hence :

L/2 2
= X IBuX’ Ay, 1 y iBYY' Ayt
P, = EOI—LX e!”™ dx XI e!™ dy

12 -L,/2

L

—— sin(BuL, /2) sin(pBvL, /2)
I BuL, /2 BuL, /2

The radiation field (for aperture in free-space):

sin[ (L, /2)u] sin FB(L, /2)vH
o T B T2)u AL, /2)v

jBe " i L /2)u] sin BB(L, / 2)v
E,= Ie E,L.L, Cosecosqzsm['B( X )u] (L 125
2 BL/2u AL, I2)v

E-Plane (¢=90°): cos¢=0, E, =0, u=0,v =sin6
F.(0) = sinHpBL, /2)-sin 65
(BL,/2)sin6
H-Plane (¢=0°): sing=0, E; =0, u=sin6,v =0
sin[(BL, /2)sin6]
(BL,/2)sin@

F,(8) =cosB



Half-Power beamwidth (L,,L, >>A):

Since sin(1.39)/1.39=0.707
From (BL,/2)sin6, =1.39, 6, =sin™(2x1.39A/2mL, ) =0.443 /L,

HP. :0.886LA (Rad), HP, :0.8863— (Rad)
y X
Note: the HPs are inversely proportional to the size in the
corresponding cutting plane.
The approximate HP expressions give good estimations

even when Lx, Ly as small as 1.5 wavelength.

4 .
Directivity: D, :A—? L.L,. (100% aperture efficiency)
Example: Determine the half-power beam width for E and

H plane and the directivity of a rectangular aperture
(10A x20A ) with uniform aperture field.

Solution:
HP. =0.886—2_ =0.0443 (Rad) =2.48°,
20A
HP, = 0886 =0.0886 (Rad) =4.96".
10
D, =271 L =2™0A x204 =2513.27  (34dB)

U_ny_A
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Exact
+ 50.76A / Ly

sin[(Ba/2)sin6]/[(Ba/2)sinf] .
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Rectangular aperture with tapered aperture field
Consider constant direction of E:
E,=€E,(X)E,(y), (x,¥)OS,
Then the aperture integration is
P I E (X )eJﬁUX dx' xJ'Li/ 2Ey(y')ejﬁvy'dyl

Yy

Example: open-ended rectangular waveguide:
(aperture on ground plane):

The aperture field is constant in y-direction and cosine
variation in x-direction.

J,blz iy = p 3 [(Bb/2)V]
~b/2 (Bb/2)v

Ia;/ZCOSFBeJBUX dx’ = ;Iaa’;@uﬁum/a)x +el(A- X gy
ZEZJSIH[(,Bua+7T)/2] +12]Sln[(,&1a— /2]
2 j(Bua+mi2 2 j(fia-1/2
_ cos(Basin@cosB/2)
B 1-[(71/2)( Basin Bcos @ 2)]°

0 _sin(Bbsin6/2)
For E-plane (p=90° ):  Fe(®)= Bbsin6/2

F.(6)=cos6 sin(Basin@/2)

For H-plane (¢=0°): 1—[(,Basin9)/n]2



Directivity calculation
Assumption: (1) Pattern peak near broadside
(2) Aperture relatively large to A .
(3) Aperture field close to plane wave.

AT
D=— 12
4 Isa ‘ =
Example: Using the above formula to calculate the
directivity for the open-ended waveguide.

al2 2 _Dza[f
I—a COS( )dX XI bi2 BT[ H

al2 ab
I_a Ccos (—)dx xIb/z —7

_4m(2al m)°b* _4nBabO 4
"N abi2 AzHmPH A
In the above, the directivity is reduced by a factor of 0.81
compared to uniform aperture of the same size. This
reduction is caused by the tapered aperture, hence the 0.81
here is called aperture taper efficiency that is defined by

& =D, /D,

T10.81)ab

where

Dt Is the directivity of the tapered aperture field.

D, is the directivity of a uniform field aperture of the
same size.



Example: calculate the aperture taper efficiency for a
rectangular aperture whose aperture is given by

=JH-I08 ()OS,
Solution: the x-direction tapering is called triangular taping.
XID a 2L, XID
ful am =y Lo o ®
1 (ab/2)?* _
Aperture taper efficiency € ab ab/3 4

Example: An aperture operating at 10GHz has physical

aperture area of 0.785m? | a gain of 38dB, a directivity of
39dB. Compute (1) Effective aperture, (2) Maximum
effective aperture, (3) aperture efficiency, (4) radiation
efficiency, (5) aperture taper efficiency.

Solution: At 10GHz, A =3x10° /(10 x10°) =0.03m
G=38dB O G 6309.6
D=39dB 0O [ 7943.3

D, =4rA,/ X =4m(0.785)/(0.03%) =10961 (40.4dB)
(1) Effective aperture
A, =GA? /(41T) =6309.6 x0.03% /(471) =0.452m?

(2) Maximum effective aperture:

A, = DA?[(41r) =7943.3%0.03% /(471) =0.569m?
(3) Aperture efficiency: £, =A /A, =0.452/0.785 =0.576
(4) Radiation efficiency: e, =G/D =6309.6/7943.4 =0.794
(5) Aperture taper efficiency: ¢ =D/D, =7943.4/10961 =0.725



H-plane sectoral Horn Antenna

Aperture field distribution:
Ll iBr2r)X

E_ = yE, cos T
dA T

Al2 : o n2 .
P, = EOI_Alzcos(nx'/ A)e P IBIZRIC" gy XI " gl gy

b/2

Steps to evaluate the integral
_ 2 - iBuX=i(BI2R)(X) fy !
I —I_Alzcos(nx/A)e dx
(1) Convert cosine function into exponentials:
cos(rrx'/ A) = (1/2) B™'* +e71™H
(2) Write exponential into p(x'+q)* +c

2 T[/A"‘ﬁ.l

(1] A+ Bu)x'+( BI 2R )(x')? —(B/2R1)§ X)"+ BI(2R.)

n
— ooy <O
0
2

_(BI2R) QxR+ L2 A2 A (0 0 Av2 mf 02 rtA+2 ,ﬂ% .

' E 2 Bi2R) 0 BI2R) 0 0 BI2R) O
EI, 27T/A+2&JEI2 [P 77/ A+2 ﬂIDZ

=(B/2R A Ml el P

PIERI X giory B P2 B iRy 5

=p(x'+q)” +c

Where
p=(I2R), qe2TIAT2AL oo BT A mLf

BI(2R) 3 BI(2R) O



(3) Evaluate the integral into Fresnel integrals:
Let p(x'+q)* =(11/2) T

Al2 . . 2 7'[ t .
I e IP(X+0)° gyt = _IZeJ(H/Z)TZdT
-A/2 2p t

- E [Ct) ~C(t) + S (t,) - iS(L)]
Where

T T
b= |2 (q-Al2), t,= |—=(q+A/2
) 2lo(q ) b 2|D(OI )

And the Fresnel integrals are defined by:
C(x) = J'Oxcos(mi 12)dT, S(X)= onsin(nf /2)d T

The total radiation field is

- .
E, = 1+cos@)sinoP
0 = 1B —( )singP,
~jBr
E = 1+cos@)cosp P

Directivity: For a given axial length R1, there is an
optimum value of A/Wavelength for which the directivity

IS maximum. The optimum H-plane horn: A=/3AR, .

Explanation: For given R1, when A increases from
beginning from A=a, the aperture size increases, hence the
directivity will increase. However when A is too large, the
phase error will be so large as to cancel the radiation in the
main beam direction, resulting in reduction in directivity.



Computer assignment

Write a computer program to calculate the radiation pattern
of H-sectoral horn antenna (H-plane, use equation 7-119).

The input parameters to your program are; &, b, A, A.

And the output is the radiation pattern as a function of 6
from O to 80 degrees with increment of 1 degree. Your
program may have the following structures:

Start of program
Input parameters
Calculate derived parameters (such as R;, , etc.).
Determine the number of integration points N and dx.
Open a file for output.
Loop for theta=0 to 80
Perform the numerical integration to get f(9):
Sum=0
Loop over integration grids j=1,2,...N
Calculate x'
Calculate integrand h
Sum=sum + W * h
End loop j.
F=abs(sum)
Write (theta, F) to output file.
End loop theta.
Close file.
End of program.




Usually 0.05A as the initial grid size. Hence the number of
grid point is N =int[0.5+A/(0.05A)] , and the actual grid size
Is determined by Ax=A/(N -1). A simple method to
evaluate the numerical integration is to use the trapezoidal
rule. The following FORTRAN code shows the application
of the trapezoidal rule to calculate

F(6) = I—A; /ZZeJBX'sianX,

IMPLICIT NONE
INTEGER I, J, N
REAL WL, A, DX, W, THETA, BETA, PI
COMPLEX F, CX
PARAMETER(PI=3.1415926)
WRITE(*,*) 'Input A, WL=?'
READ(*,*) A,WL
OPEN(1,FILE="sample.ptn’,status="unknown")
BETA =2.0 * PI/WL
N =0.5+A/(0.05*WL)
IF(N<2)N=2
DX =A/FLOAT(N-1)
DO 1=0, 80
THETA = FLOAT(1)*P1/180.0
F=0.0
DO J=1,N
X=-05*A+DX*FLOAT(J-1)
W=DX
IF((J .EQ.1).OR.(J.EQ.N) ) W=0.5 * DX
CX=(0.0,1.0) * BETA * X * SIN(THETA)
F=F+W * EXP(CX)
END DO
WRITE(1,*) THETA, ABS(F)
END DO
CLOSE(1)
STOP
END




Circular apertures:
Aperture is on x-y plane (z=0).
Aperture radius=a.
Will consider: uniform and tapered distribution.

1. Uniform aperture field
E, =XE,, (x,y)OS,

— ~ a 2m e

P= xEOL L e p'dp'de'
Again,
r =Xsin@cos@+ysin@sing+2cosO
r'=xp'cos@'+y p'sin ¢
r¥'=p'sin@cos@cos ¢+ PsinBsin@sin ¢

= p'sinBcos(p— ¢)

D > a 2 'sin@cos 1 1 1
P:XEOJ'O B‘O plBp'sing (w—rﬁ)d(p%pdp

- XEOZHJ’OaJO(ﬁp'sin 9 pd o
= RE, (r7a2) 2J,(Basin 6) /(Basin 0)

The radiation field:

jBeif e ( a?) 2 (Pasing)

E = (6 cos @— gos &in
( e 9 Arr pasinf

2J,(Basinf)
pasinf

2J,(Basinf)
pasinf

E-plane pattern (¢=0): F.(6)=

H-plane pattern (¢=90): F,(6) =cos6



For large apertures, the HP values for E and H plane are
almost the same, they equal to

HP =1.02A /(2a) (rad)

Side lobe level (a>>A): -17.6dB
41T
Directivity: DPu = (na )

Example: An aperture antenna with uniform aperture field
has HP=2 degrees. Find the size and the directivity of the
antenna.

Solution: From HP =1.02A/(2a), a =0.61A /HP =17.48\

D, = 4r(r@?)/ ¥ =4 mx mx17.48% =12061, (40.8dB)

Tapered aperture field:
Aperture taper efficiency will reduce
SLL will reduce
HP will increase.

Parabolic taper:

- E"—E () =202PasiNG) " 475, sLL = 24608, HP =127 2
@ (Basin 6)? 2a
Parabollc squared taper:
0 pp'cfd 48J,(Basin 0) A

E =11- , T(O)= 3 . & =055, SLL =-30.6dB, HP =1.47 —
: % BEB% ©) (Basin 6)° t 23



Parabolic reflector antennas

Parameters: D---Aperture diameter
F/D---Focal length-to-diameter ratio

Points on surface can be specified in two ways:
@) by (p',z):  (p) =4F(F -z)
(2) by (r;,6;): r, =2F /(1+cos0,) =F sec*(6, /2)
Relation of p'andr, :
2F sin 6,

'‘=r sinf, =——— ' =2F tan—
£ =Ty SINTs 1+cosé, 2

Normal direction: fi =, cos(8, /2) + 6, sin(8, /2)



Properties:
(1) Rays from the focal point "O" will be reflected by the
parabolic surface

(2) All reflected rays are parallel to the axis Zs .

(3) The ray path from "O" to reflecting points to focal
plane have the same distance (that is equal to 2F).

Feeder pattern: General

IE(Qf @) :éf Fo(6;, 0 ) + EQ ANy
Feeder pattern: Linear:

FO;.9)=0F 6;.9)

Methods to obtain the radiation pattern of the reflector
antenna:
(1) GO/Aperture distribution method
Find the aperture field distribution and integrate
over the aperture (flat, focal plane) to get the
radiation field.
(2) PO/Surface current method
Use PO approximation to calculate the current
distribution over the reflecting surface (curved)
and integrate over the parabolic surface to get the
radiation field.



PO/Aperture Distribution Method

Ray tube: formed by rays originated from "O" in a small
angular region "dQ ", This ray tube has a footprint on the
focal plane of "dA".

Conservation of power: Powers flowing through any cross
section in the ray tube are the same.

Using the power conservation concept, we can show that
the electric field magnitude over the focal plane is inversely
proportional to the distance from "O" to the reflecting

surface:

E,(6,) 0~

r-f
The reducing in field magnitude given in the above
equation is called spherical spreading loss (because the
reflected rays are parallel, the power does not spread over
the reflecting part of the ray tube). Based on this analysis,
the electric field distribution on the focal plane can be
shown to be

_ . _oae F (6,0 .
E,(0:,¢)=V,e ’ZﬁF%Ur (for linear feed)
f
Where U, is the same as the reflected electric field and can
be found using the Snell's law:
E = 2(Nn [Ei)ﬁ -E,

G =2(AW)A-q



( P cos@+P, sin go)

Aty 2
B jBe P 1+cosO .
@Ew ar > ( P.sing+P, cos (p)

P=[ E(r)eTds’

J.Zﬂj-a F (ef ,QD) ~ eJ,Bpsmecos((p—qd)pldp'dq)'

In the above equatlon,

8, — — ——Angle of observation
p',¢ — — — —Integration variables
r.,8, ——— Variables related to p', ¢:

= (4F% +p?)I(4F), 6, =2tan(p'/ 2F)

Example:
Let the feed be a short dipole the is parallel to X; -
axis. Then the primary pattern is given by

F. (O,,9) :\/l—cos2 0, sin® ¢

~ (D) =X

! N S%

For axial symmetric feed pattern (primary pattern),
F.(6;) is independent of variable ¢', then

f( )u J,(Bp'sin@)p'dp'

P©6,p) = 27‘[VI



