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Abstract— This paper studies continuous-state dynamical
systems that use a classifier to determine the control input. Since
the classifier output belongs to a finite set, the feedback control
is a piece-wise constant function of the state. We therefore
model the closed-loop system as a switched system. The decision
surfaces of the classifier in the feature space dictate determine
the switching surfaces in the state space. Therefore, the classifier
affects the stability of the closed-loop system. Any analysis
of the nominal closed-loop system may not be valid in states
or environments that the training data for the classifier do
not represent. We propose techniques to determine when the
stability of the nominal system can be extended to unseen states
and/or environments.

I. I NTRODUCTION
Machine learning techniques are capable of producing
classifiers that process complex high-dimensional input data
into semantic information. These classifiers are becoming
increasingly effective at classifying data such as images and
audio, or identifying objects present within data [3], [9]. In
classification tasks involving independent features, achieving
high classification accuracy is the primary goal of the machine
learning algorithm. Recent machine learning algorithms can
generate classifiers with high enough accuracy that researchers
are attempting to apply them to real-time data collected from
sensors in order to control robots [6]. Classifiers used in
this context are classifying a sequence of features that may
not be independent, and so the performance of the classifier
should be evaluated in terms of the closed-loop behavior
that it generates. The performance of classifiers used in a
feedback loop have not been formally studied. We refer to
such closed-loop systems as classifier-in-the-loop systems.
The training data usually consists of a set of known states,
the feature measured in those states, and the correct labels
associated with the measured features. In practice, machine
learning algorithms applied to finite-amount training data
produce classifiers that distinguish between a finite set of
labels only. This constraint implies that a feedback control
strategy based on the a classifier trained from limited data
can only command a finite set of control inputs. The control
applied to the system will be piece-wise constant, so we
model the closed-loop dynamics as a switched system.
The switched system we obtain poses two challenges.
First, the switching surfaces in the state space depend on
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the classifier, which in turn depends on the training data and
learning algorithm used. The switching surfaces may lead
to unstable behavior or undesired phenomena such as limit
cycles. Second, the dynamics and switching surfaces may
depend on the environment in which data was collected, and
the system may find itself in an environment that the training
data do not represent. To address the first challenge, we must
analyze the closed-loop behavior of the nominal switched
dynamical system that we construct from the classifier and
data. To address the second challenge, we must analyze the
robustness of this system to perturbations of the switching
surface. A classifier that assigns correct labels to features
that were not present in the training data is said to have the
ability to generalize. We focus on the second challenge. We
propose a notion of generalization for feedback control using
classifiers, and develop tools to decide when such closed-loop
systems do indeed generalize.
A significant body of recent research focuses on solving
complex control problems as end-to-end machine learning
problems [8], [10]. These methods combine reinforcement
learning with the representation power of deep neural networks. The method for computing a policy in [8] involves
simultaneously implementing reinforcement learning and
model predictive control. Reinforcement learning requires that
the control must be implemented and its effect experienced in
order to drive the learning. The complexity of this approach
makes implementation on a real system difficult. In contrast,
the work in [6] uses supervised deep learning to derive a
mapping from captured image to control command. The
control is never implemented during training, and a simple
and ingenius trick is sufficient to obtain enough data to train
a classifier that results in stable closed-loop behavior even in
unseen environments. However, the stability is evaluated only
empirically. The main advantage of the supervised learning
approach is its ease of implementation, as observed in [6].
Our paper is motivated by the need to formally analyze
such systems and provide guarantees for the behavior of these
systems. The contributions of this paper are as follows.
• We show that classifier-in-the-loop systems can be
modeled using switched systems, where the switching
surfaces are uncertain.
• We define a notion of generalization in classifier-in-theloop systems.
• We analyze the control task of making a mobile robot
follow a path in two-dimensions using three velocity
commands: move forward, turn left, and turn right. We
simulate a sensor based on structured lighting, and train a
classifier that chooses one of the three control commands
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from the sensor measurement. The resulting nominal
switched system is shown to generalize through analysis
and simulations.
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A. Dynamical Systems
n

Consider a dynamical system with state x ∈ X ⊆ R . The
dynamics of the system are given by
ẋ = f (x, p) + g(x, p)u

(1)

where u ∈ U ⊆ Rp is the control input, p ∈ P ⊆ Rq is a
parameter, and f : Rn → Rn and g: Rn → Rn are functions
that define the drift and input vector fields over X respectively,
given p. In this paper, the parameter p will represent the
environment that an agent is interacting with or operating
in. The available sensor obtains a feature φ ∈ Φ ⊆ Rm .
The (unknown) relationship between the feature, state, and
environment is represented as a map H: X × P → Φ, that is
φ = H(x, p).
B. Feature Classification
A classifier C: Φ → L is a map that assigns a unique label
b ∈ L to a feature φ ∈ Φ, where Φ is the set of features.
The goal of machine learning algorithms is to learn a set
of weights w ∈ Rm (which parameterize the classifier) that
minimizes the expected error between the label associated
with feature φ in the data and the predicted label C(φ).
The set D of training data consists of N triples (xi , φi , bi )
where i denotes the index of an element of the training data.
The training algorithm that determines the classifier C will
attempt to learn the relationship between the features and
labels. Since the feature depends on the state and environment,
and the control depends on the label, the classifier is indirectly
learning a mapping from the state to the control.
C. Topology of Functions
Definition 1 (Function of class k). A function f is said to
be a function of class k, where k ∈ N, if it is continuous and
continuously differentiable up to order k , inclusive, in its
domain of definition. The set consisting of all functions of
class k is denoted as C k .
Definition 2 (δ-closeness to rank r [2]). A function f ∈ C k
defined over a region W is said to be δ-close to rank r
(r ≤ k) to a function g (also defined on W ) if kf − gk< δ
and kf (l) − g (l) k< δ for 1 ≤ l ≤ r, where f (l) is the lth
order partial derivative of f .
Let f1 and f2 be two functions of class C k , k ∈ N. The
distance dC 1 between f1 and f2 over a domain W is
dC 1 (f1 , f2 ) = sup kf1 (x) − f2 (x)k+kf10 (x) − f20 (x)k. (2)
x∈W

D. Path-Following
We will use path-following in the plane as an example in
order to illustrate the concepts presented in the paper. The
configuration of a mobile agent in the plane is given by
(x1 , x2 , θ), where (x1 , x2 ) ∈ R2 denotes the location of the
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Fig. 1: A mobile robot with configuration (x1 , x2 , θ), linear
speed v, and angular velocity ω. The curved black line
represents a local segment of a path that the robot must
follow.

centroid of the robot and θ ∈ S 1 denotes the heading of the
robot (see Figure 1). The kinematics are given by
ẋ1 = v cos (θ),
ẋ2 = v sin (θ),

(3a)
(3b)

θ̇ = ω, and

(3c)

where v ∈ R and ω ∈ R are the forward speed and angular
velocity respectively. The differential equations (3) are often
used to model wheeled mobile robots, though they are
applicable to any system that moves in the plane with a
velocity directed along its instantaneous heading only. This
model will be controlled using only three values of the
control input (v, ω). The set of labels is L = {bF , bR , bL }
corresponding to moving forward, turning right, and turning
left respectively. We choose the map G: L → U to be

∗

if b = bF
(v , 0)
∗
G(b) = (0, ω )
(4)
if b = bL


(0, −ω ∗ ) if b = bR ,
where v ∗ > 0 and ω ∗ > 0 are constants. The curvature ρ of
the path is the environment parameter p.
III. C LASSIFIER - IN - THE -L OOP S YSTEMS
A classifier can be used to generate the control input u
to the system in (1) by associating a label b ∈ L to the
feature φ obtained from the sensor. This control is given by
a map G: L → U , so that ub = G(b). This process results in
a feedback loop that is depicted in Figure 2. We call such
systems as classifier-in-the-loop systems.
The classifier defines decision surfaces in Φ. We can
represent the ith decision surface by a function βi : Rm → R,
through the constraint βi (φ) = 0. Since φ = H(x, p),
these decision surfaces in Φ define switching surfaces in
the space X × P corresponding to the piece-wise constant
control u = (G ◦ C)(φ). The switching surface in X × P
corresponding to βi is (βi ◦H)(x, p) = 0 := γi (x, p) = 0. The
closed-loop system becomes a switched dynamical system
under the switching control u.
We will consider the case of static environments. The
closed-loop dynamics near a switching surface in X are

ẋ = f (x, p) + g(x, p)u

x
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Fig. 2: A dynamical system with an end-to-end classifier
G ◦ C as the controller. The class label b is mapped to the
control u. The feature φ obtained by the sensor in a state x
and environment p depends on the (unknown) map H.

given by
(
ẋ =

f 1 (x, p) , if γ(x, p) ≥ 0, and
f 2 (x, p) , if γ(x, p) ≤ 0,

(5)

where each of the vector fields f 1 and f 2 is obtained when
choosing the control u as ua and ub for two labels a, b ∈
L. The switched system may consist of multiple switching
surfaces, each one corresponding to one of the possible pairs
of labels in L.
Let the training data be collected in an environment p∗ .
We estimate the surface γ(x, p∗ ) = 0 using these data (see
Section IV). Let the estimated surface for p ≡ p∗ be denoted
as α(x) = 0. We define the following switched system:
(
f 1 (x, p∗ ) , if α(x) ≥ 0, and
ẋ =
(6)
f 2 (x, p∗ ) , if α(x) ≤ 0.
We will refer to (6) as the nominal system. When the
vector fields f 1 (x, p∗ ) and f 2 (x, p∗ ) are known, one can
use methods from [5], [7] to investigate the behavior of the
trajectories of (6). We also define the system
(
f 1 (x, p) , if α(x) ≥ 0, and
ẋ =
(7)
f 2 (x, p) , if α(x) ≤ 0,
which is an estimate of the closed-loop dynamics in (5)
when using the classifier defined from the training data in
environments different from p∗ .
The main concern of this paper is whether the conclusions
derived for systems (6) or (7) are valid for system (5). There
are two reasons that this concern arises. First, the surface
α(x) = 0 is estimated using limited training data, and may
not be identical to γ(x, p) = 0, even for p = p∗ . Second,
the system may need to operate in environments p that are
different from p∗ . In this case, the switching surfaces and the
vector fields of the closed-loop system (5) may be different
from those in (6).
In the path-following problem, we want a robot with
dynamics (3) to follow a continuous and connected path
(defined by the zero-level set of a function σ: R2 → R) in
the plane. To any point a ∈ R2 close enough to the path σ
we can associate a unique Frenet-Serret frame corresponding
to the point b (where σ(b) = 0) that is closest to a. Then,
the configuration of the agent in this frame is z = (ψ, w),
where ψ is the difference between θ and the direction of
the tangent to σ at b and w is the distance between a and b.

The dynamics of z depend on the curvature of the path, and
therefore the environment variable p is the curvature ρ.
The dynamics are given by
h
iT

∗

,
if b = bL ,
ω
0

  
h ∗
iT
ψ̇
v ρ cos(ψ)
=
v ∗ sin(ψ) , if b = bF , and (8)
1−ρw
ẇ


h
i
T


 −ω ∗ 0 ,
if b = bR .
Note that the conditions in (8) are expressed in terms of
the class label instead of the value of functions of the form
βi : X → R. In the next section, we provide a method to
estimate these switching surfaces.
IV. S WITCHING S URFACES
In this section, we show how to compute an approximation
αi (x) = 0 of the switching surface γi (x, p∗ ) = 0, where
p∗ corresponds to value of p represented in the data. Recall
that the decision surfaces in Φ defined by C are denoted as
βi (φ) = 0, and therefore γi = βi ◦ H. We assume that the
surfaces βi have co-dimension 1 almost everywhere in Φ.
This assumption is required for the switched system obtained
from these surfaces to be well defined.
Let φj be the j th element of φ. Using the data D =
{(xk , φk , bk )}, k ∈ {1, . . . , N } corresponding to the environment p∗ , we can compute interpolating functions hj ,
1 ≤ j ≤ m such that φkj = hj (xk ) for k ∈ {1, . . . , N }. The
functions hj for j ∈ {1, . . . , m} together are denoted by the
map h.
We can associate a class label bx to each state x ∈ X
as bx = C(h(x)). We can estimate the switching surfaces
between regions of the state space – each region being
associated with a unique class label – by solving a binary
classification problem [1] for all possible pairs of labels in L.
The input data for each binary classification problem is a set of
pairs (x, bx ), where bx is one of the two labels associated with
the switching surface being estimated. Standard algorithms [1]
can be used to learn the switching surfaces. We model
the switching surface using a two-input one-output neural
network with one hidden layer, which is trained using back
propagation [1]. If the functions βi and H are continuous
then αi will be a continuous surface of co-dimension 1 in
Rn .
In Section VI, we describe a sensing scheme that produces
a feature for any pose of the path-following robot in the
world frame. Using features corresponding to a limited
subset of the state space, we can construct the classifier
and switching surfaces αi for the system in (8). Figure 3
shows the the true switching surfaces (solid lines) and the
estimated switching surfaces (dashed lines) determined by the
classification scheme presented in Section VI. The estimated
surfaces are close to the true ones, but do not match them
exactly. This mismatch demonstrates the need for robustness
to uncertainty in the switching surfaces. Figure 3 also depicts
the vector fields induced by the classifiers when the path has
zero curvature (ρ = 0).

Consider a nominal system
(
f 1 (x) , if α(x) ≥ 0
ẋ =
f 2 (x) , if α(x) ≤ 0,

0.4

(9)

0.2

and the perturbed system
(
f 1 (x) , if α̃(x) ≥ 0
ẋ =
f 2 (x) , if α̃(x) ≤ 0.

0

-0.2

We quantify the size of perturbations in the next two
definitions.
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Fig. 3: The switching surfaces divide the state space into
three regions, one for each label bF , bL and bR . The red solid
line is the true switching surface between labels bF and bL ;
the dashed red line is the estimate of that surface obtained
from limited data. The blue solid line is the true switching
surfce between labels bF and bR ; the dashed blue line is the
estimate of that surface from limited data. We also depict the
resulting discontinuous closed-loop vector field when ρ = 0.

V. P ERFORMANCE I N U NSEEN E NVIRONMENTS
The previous section shows how to obtain the switching
surfaces αi (x) = γi (x, p∗ ) = 0 in X for a fixed environment
p∗ , which yields the nominal system (6). Analysis of the
nominal system may lead to the conclusion that the closedloop system possesses well-behaved trajectories. For example,
the trajectory x(t) starting at any initial state x(t0 ) may be
such that x(t) approaches a desired equilibrium point, or
x(t) never reaches an unsafe region of the state space. As
described at the end of Section III, this analysis may not hold
due to the limitations of estimating the closed-loop dynamics
from finite data.
We refer to the ability of a classifier-based control to yield
similar behavior in environments not represented in the data
as generalization.
Definition 3 (Generalization). Let the controller G and
classifier C result in a closed-loop system (6) based on
the data D. Let this system satisfy control property M .
We say that the classifier-in-the-loop control defined by G
and C generalizes to the set P if the resulting closed-loop
systems (5) defined for p ∈ P , where P 3 p∗ also satisfy
property M .
In this section, we will describe conditions under which the
control G and the classifier C defined by data D generalizes.
The vector fields and switching surfaces for (5) may be
viewed as small perturbations of those in (6), when p and
p∗ are sufficiently close. Recall that since switching surface
α is estimated from data, it is possible that the (6) is also a
perturbation of the true switched system corresponding to p∗ .
If the system (6) is structurally stable [2], [5], [13] to small
perturbations of its vector fields and switching surfaces, then
we can expect that the classifier defined using data collected
in p∗ will yield similar behavior in (5).

Definition 4 (δ-Perturbation of a Vector Field). A vector field
f˜ is a δ-perturbation of a vector field f if dC 1 (f˜, f ) < δ.
Definition 5 (δ-Perturbation of a Switching Surface). A
switching surface α̃(x) = 0 is a δ-perturbation of a switching
surface α(x) = 0 if α and α̃ are δ-close to rank r, where
r ≥ 2.
Based on the definitions of δ-perturbations above, we define
what it means for two systems to be similar.
Definition 6 (δ-closeness of systems). The systems in (9)
and (10) are δ-close if
1
1
• f˜ is a δ-perturbation of f ,
2
2
˜
• f is a δ-perturbation of f , and
• α̃ is a δ-perturbation of α.
The notion of δ-closeness can be interpreted as the definition
of a topology on the space of switched dynamical systems [2].
The definition of structural stability follows [2].
Definition 7 (Structural Stability). System (9) is structurally
stable in region W bounded by a cycle without contact Γ if
∃δ > 0 such that any dynamic system (Ã) δ-close to (9) has
the same topological structure as (9) in W .
We now present the main result that connects the structural
stability of closed-loop systems corresponding to data and
the ability of the control and classifier defined using that data
to generalize.
Theorem V.1. Let (6) be the closed loop system due to
classifier C and control G. Let (6) be structurally stable.
If f i and γ are in C 1 , then the control G and classifier C
generalizes to the set B (p∗ ) for some  > 0.
Proof. For sufficiently small  > 0 there exists δ > 0
such that the vector fields f i (x, p) and switching surface
γ(x, p) = 0 are δ-perturbations of f i (x, p∗ ) and γ(x, p∗ ) = 0
respectively, if kp − p∗ k< . That is, for p ∈ B (p∗ ), (5) is a
sufficiently small perturbation of (6). Since (6) is structurally
stable, the trajectories of (5) are similar to that of (6), and
therefore satisfy the same control properties as (6).
Remark 1. The work in [5] provides conditions under which
a two-dimensional switched system is structurally stable
under arbitrary perturbations of the vector fields. The case
of perturbations of the switching surface is not dealt with
in [2], [5]. In general, structural stability to perturbations of
switching surfaces has received little attention when compared

to structural stability to perturbations of the vector field [11],
[12]. Some work exists for variable switching surfaces [4],
[12], but these works assume that sliding motions do not occur.
For a smooth-enough switching surface α and vector fields
f 1 and f 2 , structural stability of (9) to perturbations of vector
fields implies structural stability of (9) to small perturbations
of the switching surfaces. This conclusion allows us to use
the existing work in [5] in the example we provide.
The dynamics in (8) defined by the estimated surfaces
in Figure 3 will possess a unique equilibrium on one of
the switching surfaces for all environments with non-zero
curvature. Using techniques from [5], we can determine that
the equilibrium is a structurally stable focus. Moreover, the
asymptotic stability of the equilibrium is global. Therefore,
we can expect that the dynamics in nearby curvatures of the
same sign will also be asymptotically stable.
For the case of zero curvature, there is an infinite set Xe of
equilibria lying on the line ψ = 0 in the region corresponding
to the label bF . These equilibria are not structurally stable to
perturbations of the vector field, and therefore Theorem V.1
does not apply. The intersections of the two switching surfaces
with the line ψ = 0 also belong to Xe . These two equilibria
are attractive, in fact all trajectories not starting in Xe will
reach one of these two equilibria. They are not stable in the
sense of Lyapunov. The case of zero curvature represents a
bifurcation of the closed-loop dynamics corresponding to the
curvature. The unique equilibrium point that exists for positive
curvature undergoes a bifurcation into a linear singularity,
with the end points on the switching surfaces, when the
curvature becomes zero. When the curvature is negative, the
line of singularity disappears and the equilibrium on the
opposite surface persists. In effect, the equilibrium ‘jumps’
from one switching surface to the other as the curvature
changes sign.
VI. S IMULATION
We simulate a robot moving through a terrain using a
camera and structured light for sensing. The control is
implemented as an end-to-end machine learning solution
as depicted in Figure 2. The structured light involves a
planar pencil of light rays, where the plane containing all the
light rays makes an angle with respect to the horizontal (see
Figure 4). The image captured by the camera will contain
the reflections of the light rays off the objects on the terrain.
These reflections are captured as pixels in the image, and it the
image coordinates of these pixels are used for classification.
This feature vector has dimension 420. We implement the
simulation in Matlab.
We define the terrain in terms of the elevation at each point
(x1 , x2 ) ∈ R2 . The shape of the terrain is such that the lowest
points of the terrain define a path in two dimensions (see
Figures 5b and 5a). An example of a terrain is determined
by the elevation map T e: R2 → R given by
T e(x1 , x2 ) = x21 .

(11)

We assume that a camera attached to a mobile robot
is moving in the horizontal plane, with optical axis in

O
T e(x1 , x2 )
X1
X2

C

Fig. 4: A sketch of the sensing mechanism used in the
simulation. A planar pencil of rays are emitted from the
point O. These rays intersect the terrain (blue surface) at
the red points, which can be seen by the camera C (located
directly below O). Figure is best viewed in color.
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Fig. 5: Visualization of a) the terrain in which we collect
data to train the classifier and b) the terrain in which we test
that classifier.

the horizontal plane. As mentioned, the camera is used to
capture the reflections of a pencil of lasers beamed onto the
terrain. The feature to be classified corresponds to the set of
coordinates of pixels corresponding to the reflected structured
light. We assume that the number of such pixels is constant.
The terrain represented by (11) is used to collect the
training data (see Figure 5a). Recall that the training data
consists of triples of the form (x, φ, b). The mobile robot
moves in a direction parallel to the path defined (11). At
each point along this path, three features are collected. The
three data sets correspond to the angle between the camera’s
optical axis and the tangent to the path being +30◦ , 0◦ and
−30◦ respectively. The features obtained in these positions
are labeled as bR , bF and bL respectively. This simulates the
states corresponding to the data collected in [6].
The features corresponding to each label are observed
to be clustered together. The clusters corresponding to the
labels are easily separated, and thus a simple nearest-neighbor
classification scheme is sufficient.
We then test the classifier obtained from the training data
on a path defined by the equation

x1 2
T e(x1 , x2 ) = x2 − 0.5 sin
.
(12)
3
Figure 5b depicts the resulting terrain. This terrain defines
a path consisting of sections with alternating sign of curvature.
We simulate a mobile robot using this classifier to navigate
in the terrain defined by (12). The resulting trajectory in
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Fig. 6: Trajectories in the state space for the simulation of
path-following control. Each circle represents the state at a
unique instant of time. The color of the circles indicates the
classifier output for the feature observed in that state. The
blue circles correspond to bF , the red circles to bL and the
green circles to bR . The dashed lines represent the switching
surfaces estimated from the training data.

the state space is plotted in Figure 6. Each circle denotes
the state (ψ, w) at a particular instant of time. The color of
the circle indicates the class label obtained at that instant of
time. The estimated switching surfaces are also plotted. The
use of a classifier to control a continuous-state dynamical
system indeed results in a switched dynamical system as
predicted. Moreover, the switching surface on which the
trajectory slides appears to vary by a small amount, in the
sense of Definition 5 for small values of δ. During sections
of the path that have nearly non-zero constant curvature, the
state tends to the unique equilibrium on one of the switching
surfaces. Since the path is sinusoidal, it will straighten out
briefly after, during which the robot moves according to ubF
(blue circles). This forward motion continues until it reaches
a portion of the terrain with the opposite curvature. The
equilibrium is now on the opposite switching surface, and
the trajectory approaches this equilibrium until the curvature
changes sign once more. Note that the training data for the
classifier does not contain data points corresponding to nonzero curvature at all. The structural stability of the non-zero
curvature dynamics consisting of switching surfaces defined
by the training data predicts the observed asymptotic stability
of the equilibria.
VII. C ONCLUSION
We showed how a classifier-in-the-loop system can be
modeled as a switched dynamical system. Moreover, we
proposed a method to estimate the switching surfaces in
the state space that are defined by the classifier using the
training data. Due to the potential errors in estimation, and
the finite amount of training data, the stability properties
of the estimated switched system do not automatically hold
for states or environments not represented in the data. In
order to address this issue, we proposed using the concept
of structural stability to determine whether the results of the

analysis of the nominal system will hold for environments
not represented in the data. The usefulness of this approach
is demonstrated in a simulation example consisting of a robot
following a path in two dimensions.
This paper has presented one approach to the analysis
of systems that are controlled using data. There are a few
issues that we would like to address in the future. First,
we want to develop methods that quantify the structural
stability of the dynamics. For example, we would like to
predict how small the curvature of the two-dimensional path
can be without losing closed-loop asymptotic stability, given
a classifier trained in paths with large curvature. Second,
a theory that addresses how the structure of the classifier
influences the structural stability of the closed loop dynamics
is required. Third, a method to synthesize the values of
the control assigned to each class label may improve the
structural stability of the closed-loop system. Finally, a notion
of robustness of classifier-in-the-loop systems to perturbations
of the switching surfaces only may provide more appropriate
tools for certifying the behavior of classifier-in-the-loop
systems.
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